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ABSTRACT: Theeffect of polyion mobility on the complex conductivity o* (or the complex dielectric constant
¢*) in polyelectrolyte solutions is theoretically treated by using the conductivity formalism instead of the
conventional dipole moment formalism. The qualitative consideration of the relation between o* (or ¢*) and
the complex mobility U* of the polyion leads us to the conclusion that the relaxations in o*, ¢*, and U*
commonly arise from competition between the frictional and Coulombic attractive forces, which have different
frequency dependences. As a result, o*, €*, and U* are closely related to each other with the same order of
relaxation times. This conclusion is confirmed by quantitative calculations based on the cell model, which
show that o* is proportional to U* in a solution without added salts. The present theory clearly demonstrates
the significance of the polyion mobility in the dielectric relaxation, particularly in the polyelectrolyte solution

without added salts.

1. Introduction

It is widely known that part of the counterions in the
polyelectrolyte solution are bound to the polyion by the
Coulombic attractive force, losing their activities and
contributing to the electric polarizability.1? Dielectric
relaxation spectroscopy gives us useful information on the
dynamic behavior of the bound counterions? that is not
obtainable from the usual static or stationary techniques
for measuring the osmotic pressure, the dc conductivity,
and so on. The experimental results® of the dielectric
relaxation in the semidilute region of the linear polyelec-
trolyte solution exhibit two kinds of relaxations, the low-
frequency (LF) and high-frequency (HF) ones. Recent
development of the measurement techniques for the
dielectric relaxation® and the frequency domain electric
birefringence’ has given us a detailed picture of the LF
and HF relaxations in polyelectrolyte solution. Both
relaxations are ascribed to the anisotropic fluctuation or
movement of counterions in the solution: The LF relax-
ation is attributable to the movement of the tightly bound
counterions along the long axis of the polyion, while the
HF one is ascribable to the movement of the loosely bound
counterions in the direction perpendicular to the polyion
axis within the range of the interpolyion distance.

From the theoretical point of view, however, the
electrical dynamics of a linear polyelectrolyte solution still
remains ambiguous in spite of many theoretical studies.?
Most of the theories are based on all or some of three
unreliable assumptions, i.e., the two-phase model, the
dipole moment formalism, and the immobility of poly-
ions.

The two-phase model, first of the three, in which the
polyelectrolyte solution is divided into the bound and free
phases, has an essential ambiguity that the boundary
between the two phases is not clearly defined. Therefore,
the dielectric increment Ae theoretically estimated from
this model contains some adjustable parameters such as
the size of the bound phase.®

Second, the complex polarizability a* or the complex
dielectric constant ¢* in the polyelectrolyte solution has
been defined in most cases by using the electric dipole
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moment due to the distortion effect of the applied electric
field on the distribution of the bound counterions, which
we call the dipole moment formalism. In the polyelectro-
lyte solution, however, this formalism cannot give proper
definition of ¢* since the counterions in the solution
contribute to the conductivity as well as the polarizability.
In order to treat properly the conductivity and polariza-
bility produced by the counterions, we need to introduce
the conductivity formalism where ¢* is defined opera-
tionally by using the complex conductivity o* as®

o* = g(0) + iweye* (1.1)

Here ¢(0) is the dc conductivity, » the angular frequency
of the applied electric field, and ¢ the vacuum permittivity.
This formalism is consistent with actual procedures in the
dielectric relaxation measurement for the polyelectrolyte
solution because we experimentally obtain ¢* from the
specimen admittance proportional to o*. Thus, weshould
employ the conductivity formalism instead of the dipole
moment formalism in both the theoretical and experi-
mental treatments of ¢* for the polyelectrolyte solution.

Last of the three, the assumption of the immobile poly-
ion in the estimation of o* or ¢*, is also doubtful since the
experimental results of ¢(0) show a definite contribution
of the polyion to ¢(0) in the linear polyelectrolyte solution
without added salts.!® Imai and Iwasal! calculated the
polyion mobility (electrophoretic mobility) U(0) in the
low-frequency limit, which contributes to ¢(0). However,
the influence of the complex mobility U* of the polyion
on o* under the ac electric field with an arbitary frequency
has not been discussed so far.

The purpose of this study is to treat o* or ¢* of the
polyelectrolyte solution theoretically by using the con-
ductivity formalism and properly taking into account the
polyion mobility. The remainder of the paper is organized
as follows. In section 2, we consider the relation between
o* (or ¢*) and U* in a general and qualitative manner. In
section 3 are presented the model and fundamental
equations for a quantitative evaluation of ¢*. In section
4, we obtain the relation between ¢* and U* in the case
of the solutions both without and with added salts. In
section 5, the relation between ¢* and the susceptibility
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Figure 1. (a) Inthelow-frequency limit of a dielectric relaxation,
the external electric force F,, = QEei, the Coulombic attractive
force Fp, and the frictional ?orce Fy, exerted on the polyion, are
balanced with each other. Similarly, the external electric force
Fg,=-qEe™, the Coulombic attractive force Fa,, and the frictional
force Fp, exerted on the bound counterions, are balanced with
each other. (b) In the high-frequency limit where the contri-
butions of the Coulombic attractive forces F, and F,, are
negligible, F,; is balanced with Fy, and F,y, is with Fy,.

x* is given for the solution without added salts, which
clearly indicates the difference between the present
treatment and the conventional one based on the dipole
moment formalism. Finally, in section 6, we discuss the
applicability of the present theory to some specific cases
of the polyelectrolyte solutions.

2. General Consideration

Prior to a quantitative evaluation, we consider the
relation between o* (for ¢*) and U* of the polyelectrolyte
solution without added salts in a qualitative manner. We
suppose the counterions with a negative charge of -q and
a friction constant of {, dissociated from the polyion with
a positive charge of Q and a friction constant of {», and
divide them into two groups, Ng bound counterions and
Nrfree ones. Here, Q is equal to (Ng + N¥)g and g is the
elementary charge. The bound counterions do not con-
tribute to the dc conductivity, that is, they move together
with the polyion under the dc electric field. This is due
tothe Coulombic attractive force Fop, exerted on the bound
counterions by the polyion, as shown in Figure 1a. The
free counterions not influenced by F,, on the other hand,
move in the opposite direction to the polyion under the
dc field and thus contribute to the dc conductivity
independently of the polyion. Hence, the difference
between the bound and free counterions in the contribution
to the dc conductivity is ascribed to the Coulombic
attractive force F, in the low-frequency limit.

Next, we will consider the effect of F, on the movement
of the bound counterions underthe acelectric field. When
the electric field Ee“* with the small amplitude E and the
angular frequency w is applied to the polyelectrolyte
solution, the external electric force Fo, = QEeit exerted
on the polyion moves the polyion at a velocity of U*Eeivt
and, at the same time, produces the displacement x =
w*Eeit of the bound counterions relative to the polyion
in cooperation with the external electric force F,, = —gEei«t
on the bound counterions. Here, U* is the complex
mobility of the polyion, w* is the complex coefficient, which
represents the relative displacement induced by unit
electric field, and nonlinear terms of E are neglected. The
Coulombic attractive force F., arises from the relative
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Figure 2. Movement of the polyion and counterions (a) in the
low-frequency limit and (b) in the high-frequency limit.

displacement x of the bound counterions and is expressed
as

F,, = -3y(x)/ox @1)

where J(x) represents an effective (i.e., self-consistent)
electric potential for the bound counterion. In the low-
frequency limit, as shown in Figure la, Fy, acts in the
opposite direction to Fg, and is larger than Fg, in its
magnitude. Thedifference between F, and Fgp,is balanced
by the other force, the frictional one Fy, exerted on the
bound counterion from the solvent. The force Fyg, is in
proportion to the velocity of the bound counterion relative
to the solvent and hence increases with w as

Fq = {iow* + U*)Ee™t (2.2)

where the first term in parentheses corresponds to the
velocity of the bound counterion relative to the polyion
and the second term represents the polyion velocity.
Equation 2.2 indicates that F;, becomes negligible com-
pared with Fp, as w increases since Fg, given by eq 2.1 is
explicitly independent of w. Thus, the balance of three
forces Fey, Fop, and Fy, for the frequency-independent
amplitude E of the external electric field results in a
distinct frequency dependence of F,; that is, the mag-
nitude of Fy, is the largest in the low-frequency limit,
decreases with increasing «, and vanishes in the high-
frequency limit, because of the monotonic decrease of x
withincreasing w. As aresult, in the high-frequency limit
as shown in Figure 1b, the bound counterions are not
affected by F,, as well as the free counterions. This
frequency dependence of the Coulombic attractive force
Fy,resultsin the frequency dispersion of the conductivity,
polyion mobility, and polarizability in the polyelectrolyte
solution as will be seen in the following.

In the low-frequency limit, both the polyion and the
bound counterions move in a body under the electric field
as schematically shown in Figure 2a. Hence, the polyion
mobility U(0) in the low-frequency limit is estimated as
(- Ngq)/({p + Ng?), equal to the mobility of a body with
a smaller effective charge @ — Npg and larger friction
constant {p + Ng¢{ than the polyion alone. This leads us
to the evaluation of the dc conductivity ¢(0) as ¢(0) = [(@
~Ngg)?/({p + NB¢{) + Npq?/{]/V, where V is the solution
volume per polyion. Furthermore, the electric polarization
proportional to the relative displacement x of the bound
counterions is induced in the low-frequency limit.

In the high-frequency limit, on the other hand, the
movements of the polyion and bound counterions become
independent of each other owing to the absence of F,, as
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schematically shown in Figure 2b. Thus, the bound coun-
terions behave as if they were free ones, which produce no
polarization, and the polyion has the mobility U(«) =
Q/ ¢p larger than U(0) because the higher charge and the
smaller friction constant result in a larger mobility. Also,
the conductivity ¢(«) in the high-frequency limit is
estimated as o(=) = [@%/{p + (Ns + Nr)g?/{]/V, which
is larger than ¢(0).

In consequence, as schematically shown in Figure 3, the
complex mobility U* of the polyion is expected to show
a frequency dependence of the relaxational type with the
relaxation time 7 of the same order as o* and ¢* (or the
polarizability relaxation). Inother words, the relaxations
of the polyion mobility U*, the conductivity ¢*, and the
dielectric constant ¢* in the polyelectrolyte solution
commonly arise from competition between the Coulombic
attractive and frictional forces, which have different
frequency dependences. This close relation among U*,
o*, and ¢* is also derived from a simple spring model, as
will be described in Appendix A where the Coulombic
interaction between the polyion and the bound counter-
ions is replaced with the effective spring force. Inciden-
tally, the electrophoretic effect, which has been neglected
in this section, has little influence on the qualitative
conclusion above, as will be mentioned in Appendix B.
The qualitative conclusion will be confirmed quantitatively
in the following sections.

3. Fundamental Equations for Quantitative
Arguments

For quantitative arguments of ¢* and U* in solution,
we adopt the cell model in order to avoid the difficulty in
the boundary conditions in a polyelectrolyte solution
without an excess amount of added salts. This model,
originally used by Imai and Iwasa!! in the estimation of
U(0) and ¢(0), assumes that cubic cells (free volumes) with
edge length L are arranged periodically in the three-
dimensional space as shown in Figure 4 and that each cell
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Figure 4. Cell model where cubic free volumes with the edge
L are arranged periodically in a three-dimensional space.

satisfies the condition of electrical neutrality. When the
external electric field Ee* with an amplitude of E and an
angular frequency of w is applied to the solution along the
x-axis, the polyion with the friction constant {p moves
along the x-axis with the velocity U*Eeit, We adopt in
the following, as the origin of coordinates, the center O of
a cell, which moves with the same velocity as the polyion.
Then, in this coordinate system, the polyion always stands
still and the solvent moves with the velocity vector
u,(x,y,2)Eeit. Aslong asthe nonlinearterms with respect
to E are negligible, the movement of the coordinate system
has no influence on the conductivity or polarizability in
an electrically neutral system. In Figure 4, u;(x,y,z) Ee’*
is the velocity vector of the jth kind of small ion with a
valence 2; and a friction constant {;. The symbols S.,,
Siy, and Sz, represent the cell surfaces perpendicular to
the x-, y-, and z-axes, respectively. The solvent dielectric
constant ¢, is assumed to be uniform over the whole cell.
The fundamental equations are the following three:
the equation of continuity

dF;/dt + div (Fju;Ee™) = 0 (.1)

the equation of the balance for the frictional, diffusional,
and Coulombic forces exerted on the small ions of the jth
kind

. 2
¢j(u;~ u,)Ee™ = —kT grad (ln F;+ ﬁ@) (3.2)
and the Poisson equation
vie = - (3 2 F,+ Fp) (3.3)
€€ J

where F; is the distribution function of the small ions of
the jth kind, ® the electric potential, Fp the distribution
function of the polyion, 2T the thermal energy, and g the
elementary charge.

When E is small, F; and & are expressed as

Fj(x,y,2,t) = F(1 + f;Ee™) (3.4)
& = &, + (¢ - x)Ee* (3.5)

where Fj, and &, are the distribution function and the
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electric potential in the absence of the applied electric
field and f; and ¢ represent the distortion induced by the
applied electric field. In the absence of applied electric
field, the fundamental equations (3.2) and (3.3) reduce to
the Poisson-Boltzmann equation, from which we obtain
the relation between Fjy and &, as

z 2
Fj0 = njV exp (k—’;i@o) / fexp (ﬁ@o) dV (3.6)

Here, the integral is performed over the cell volume equal
to L and the number concentration n; of the small ions
of the jth kind is defined by

ny= fFdv/v (3.7)

Substituting eqs 3.4 and 3.5 into eq 3.2 and pulling out the
components proportional to E, we have

$ilu, - u)Ee™ = z,g grad xEe™' —grad ¢, (3.8)

where the effective potential ; affecting the jth small ion
is defined by

¥; = [kTf; + 2;9¢]Ee™ (3.9)

The left-hand side in eq 3.8 means the frictional force Fy,
exerted on the small ion in Figure 1, and the first term of
the right-hand side represents the force Fg, due to the
external electric field. The remainder of the right-hand
side arises from the distortions f; of the small ion
distribution and ¢ of the electric potential as seen in eq
3.9 and hence corresponds to the Coulombic attractive
force Fp in section 2, although the diffusional force is also
included in this case. Equation 3.9 gives us the specific
form of the effective potential ¥ in eq 2.1, using the
distortionsf;and ¢. Asaresult,eq 3.8supportsour picture
for the balance among Fep, Fep, and Fy, in the low- and
high-frequency limits mentioned in section 2.

In the cell model, we alternatively assume the x-axial
symmetry of a polyion or a smaller size of the polyion
compared with that of the cell. Then a set of boundary
conditions are derived from the symmetry and periodicity
of F; and . Among them, the following will be used in
the subsequent calculations:

0Py _od _ 0% _
B5 Su = Gyl = G5 =0 (3.10)
¢, __9
it O (3.11)
aé = 82 a—¢ = aj
ayls“ = 6y|S_” 3z lS,,, 3z Is_‘ (3.12)
F{L/2,y,2) = F{(-L/2,y,2) (3.13)

4. Relation between o* and U*
The complex conductivity o* is defined as the integral

of the true current density J and the polarization current
density dD/at over the whole cell as
= D it
o* = f(J+ = )de/(VEe ) 4.1)
where J and the electric displacement D are expressed as

J =) zgFuEe" (4.2)
J

D = —¢,¢,grad & (4.3)
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and the suffix x represents the vector component along
the x-axis. By substituting eqs 4.2 and 4.3 into eq 4.1 and
using eq 3.5, we have

d¢
o*=) z Fou.dV V+iwee(1— —dVv V)
; jqf Jo*jx / s-0 f ox /
(4.4)
Since the electric potential difference between S;. and

S_; is equal to LEe™t, the integral in the bracket of eq 4.4
vanishes and eq 4.4 is reduced to

4= 2o [ Fo, dV/V+ivee, — (45)
J
On the other hand, we rewrite eq 4.1 as
o* = Zz}-qfojoujn ds/v+
J
iwee(l— f x grad, ¢ dS/V) (4.6)

by replacing the volume integral over the cell with the
surface integral on the cell and using eqs 3.4 and 3.5. The
suffix n in eq 4.6 represents the vector component in the
direction outwardly normal to the cell surface.

The electrical susceptibility x* due to the distortion of
small ion distribution in the cell, which corresponds to the
electrical polarizability in section 2, is given as

x* =Y 2 [ xF;dV/(e,VEe™) =
j
>z f xFyf; dV/(V) 47
J
By use of eq 3.3, x* in eq 4.7 is rewritten as
x*= o[ fzemad, 4-xas- [Z-Dqy]va

-e![ fx grad, ¢ dS - fg—ﬁ dV]/V =
¢, [z grad, ¢ dS/V (4.8)

which indicates that x* due to the distortion of the small
ion distribution is expressed in terms of the electric field
on the electrodes. Substituting x* into eq 4.6, we get

o* = 32 f WFigs dS/V + ioele, + X% (49)
J

As shown in Appendix C, the Poisson equation (3.3)
and the boundary conditions (3.10)-(3.13) give us the
relation with respect to U* as

S 6 f - uF AV U =0 (4.10)
J

Here the friction constant {p of the polyion depends on
w since the frequency-dependent Coulombic attractive
force between the polyion and the bound counterions
influences the electrophoretic effect on the polyion (the
electrophoretic acceleration) as mentioned in Appendix
B. Multiplying eq 3.1 by {;x and summing up withrespect
to j after the integral over the whole cell, we obtain

> _silio [ xFyf;dV + f 2Fqu;, dS - f Fu, dvi =0
’ (4.11)
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Combining eq 4.10 with eq 4.11, we get the relation
J
> 5 Fite dV- U (4.12)
i

A. Without Added Salts. In the polyelectrolyte
solutions with no added salts (i.e., containing a single
species of counterion), the combination of eqs 4.5 and 4.10
yields

0% = iwesey + (2¢/SVIE f Py, V- U] (4.13)

where z and { are the valence and friction constant,
respectively, of the counterion and Fj is the distribution
function of the counterion in the absence of the applied
electric field. Equation 4.13 indicates a close relationship
between ¢* and U*, which is consistent with the qualitative
consideration in section 2.

After Imai and Iwasa,!! we assume the electrophoretic
effect to be negligible, which means that the counterion
has no influence on the solvent stream and that the poly-
ion is free draining. In this case, u,, becomes a constant
equal to -~U* because the solvent always stands still in the
laboratory coordinate system, and {p is independent of w.
Thus, we get a simple relation between ¢* and U* from
eq 4.13 as

o* = lweey - 2q[n + §p/ (VU (4.14)

where n represents the average number concentration of
counterions. Equation 4.14 clearly indicates that ¢* has
the same frequency dependency as U* apart from the first
term in the right-hand side. Also, eq 4.14 agrees with eq
A7 in Appendix A, derived from the spring model, which
suggests that the dynamic behavior in the polyelectrolyte
solution is described well by the spring model. Since U*
may be measured in the low-frequency range by using the
electrophoretic light scattering (EPLS),!2 the present
theory suggests that the dielectric relaxation spectroscopy
iscloselyrelated to EPLS. If arelaxationin U*isobserved
in EPLS, the relaxation time should be of the same order
as that in ¢* or ¢*.

B. With Added Salts. Inthe case of the solution with
added salts, we employ the assumption that the size of the
polyion is much smaller than that of the cell, which results
in the following relations:

grad, f; =0 (4.15)

{80y ayas =

f xFju,, dS = n,rfxu.,. dS ~ -nzU*V (4.16)

S Fograd, dS = -ngx*V/e, (1)

Here njr is the average number concentration of the free
small ions of the jth kind defined by

ny= [ Fyds/s (4.18)

where S represents the surface area of the cell equal to
6L2. Substituting eq 3.8 into eq 4.9 and using eqs 4.15-
4.17 give us

o* = [lwe,e, + Z(zquz/g'j)nj-p](l + x*/¢) - szanFU*
(4.19)

where the last term in the right-hand side represents the
contribution of U* to o* and becomes negligible compared
with the contribution of the small ions in the limit of
excessive salts. In this case, eq 4.19 reduces to the result
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by DeLacy and White.?

Assuming again that the electrophoretic effect is neg-
ligible and using eqs 4.15-4.17 after the substitution of eq
3.8 into eq 4.12, we obtain U* by

_Zz,qn,-p(l + x*/e,)V— ing’jfojofj dv
U* = ! i

{P + VZ{J(n) - n)'F)
' (4.20)

In the low-frequency limit, eq 4.20 reduces to

U =-3_zanz(1+x(0)/e)V/[8p + VI_(n; = np)]
i J 4.21)

where x(0) is the low-frequency limit of x*. If x(0) is
negligibly small compared with ¢ in the very dilute
solution, eq 4.21 agrees with the result by Imai and Iwasa.!!
In the high-frequency limit, on the other hand, substituting
fi = 8¢/0x = 0 into eq C6 in Appendix C gives U(=) as

Ule) ==V _zan,/ e (4.22)
J

Equations 4.21 and 4.22 for the polyion mobility in the
low- and high-frequency limits are in good agreement with
the results from the qualitative estimation in section 2.
This indicates that our picture for the polyion movement
mentioned in section 2 is supported by the quantitative
calculation.

5. Relation between ¢* and x*
Equation 4.12 is rewritten into the form

iw(fey/2q)x* + zqne(1 + x*/¢,) +

[§n-ng) + {/VIU* =0 (5.1)
by using eqs 4.15-4.17 for the dilute solution without added
salts and assuming again that the electrophoretic effect
is negligible. By combining eqs 1.1, 4.14, and 5.1 in order
to cancel o* and U*, we obtain the relation between ¢* and
x* as
g’ ng(x* - x(0)]

iwege, &

* =

StV [X*

E‘+§' + ¢{(n-ngV
P F 5.2)

and correspondingly ¢(0) as

2%g’ng($p + {nV) ( x(O))
0) = 1+ 5.3
a7 | Gty B
Since ¢* has been related to x* as

e*=¢ +x* (5.4)

inthe conventional treatment based on the dipole moment
formalism, eq 5.2 indicates a definite difference between
the present treatment and the conventional one.

The dielectric increment Ae¢, defined by the difference
between the low- and high-frequency limits of e*, is
expressed from eq 5.2 as

Ae = ot - nF)V x(0) + Y (5.5)

where x; is the coefficient of the first-order term in the
power series of x* with respect to iw as

x* = x(0) + iwx, + O[(iw)?] (5.6)
As shown in Appendix D, on the other hand, a reciprocal
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(771) of the averaged relaxation time, defined from the
retardation spectrum L(7) by

(M= [ ding f L dnr 6.7)
is estimated as

(771) = Ad/(eyA¢) (5.8)

Here, Ao represents the conductivity increment, which is
the difference between the low-frequency limit ¢(0) and
the high-frequency limit o(«) of the real part of *. From
eqs 4.14 and 4.22, o(«) is given as

o() = 22¢°n(™ + tnV/ ) (5.9)

In the dilute solution where the second term in the
parentheses of eq 5.3 is negligibly small compared with
the first ones, Ac is given by

Ao =222 (n - np) (™ + nV/ ) [ + Hn—np) V]
(5.10)

When the second term in the parentheses of eq 5.5 is also
neglected, the substitution of eqs 5.5 and 5.10 into eq 5.8
gives the simple relation between (771) and x(0) as

() = 2%¥n - np)( + nV/ )/ [6x(0)] (5.11)

Equations 5.5 and 5.11 indicate that both A¢ and  are
influenced by {p.

6. Application to Some Specific Cases

A. Dielectric Relaxation in Spherical Polyelec-
trolyte Solutions. Many theories reported sofars on the
dielectric relaxation in a spherical polyelectrolyte solution,
including the theory based on the conductivity formalism,®
commonly treated the problem in the limit of excessive
salts. Insuch asalt circumstance, U* does not contribute
explicitly to o* as suggested in eq 4.19, even if the mobility
of the polyion is taken into account. Inthe present paper,
we have treated the dielectric relaxation in the polyelec-
trolyte solution without added salts, which indicates the
definite contribution of the polyion mobility to o* or ¢*.

The results in the present theory have been derived
from the assumption that the dielectric constant is uniform
over the whole cell. Most of the spherical polyions,
however, have a different dielectric constant from the
solvent. Hence, a minor modification that the dielectric
constant inside the polyion is different from the outside
is required in order to apply the present model to the
spherical polyelectrolyte solution. As mentioned in Ap-
pendix E, the result (E8) is slightly different from eq 4.13
but still shows a close relation between ¢* and U* in
spherical polyelectrolyte solutions.

B. HF Dielectric Relaxation in Linear Polyelec-
trolyte Solutions. As mentioned in the Introduction,
the HF dielectric relaxation in the semidilute region of
the linear polyelectrolyte solution without added salts is
ascribed to the movement of the loosely bound counte-
rions in the direction perpendicular to the polyion axis
within the range of the interpolyion distance (correlation
length) £. Theelectric potential, in which the loosely bound
counterions fluctuate, has a depth of the order of kT, owing
to the shielding effect of the tightly bound counterions on
the polyion charges, and is characterized by the two-
dimensional quasi-periodicity of £. Taking into account
the difference in the dimensionality, we can apply the
present theory to this system simply by neglecting the
z-axis.

The loosely bound counterions would exert little elec-
trophoretic effect on U* since, in the solution without
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Figure 5. Spring model where the counterions are bound to the
polyion by an effective spring with the force constant k.

added salts, they are more distant from the polyion than
the tightly bound counterions, which implies that the
assumption of free draining is valid. The proportional
relation (4.14) between o* and U* is thus applicable to the
HF relaxation if n is replaced with ny, + ny, where ny, is
the number concentration of the loosely bound counte-
rions. Furthermore, eqs 4.20 and 5.2 are also satisfied in
the HF relaxation owing to the negligibly small size of the
polyion compared with the cell size. As a consequence,
the present model applies well to the HF relaxation of the
linear polyelectrolyte solution. The HF dielectric relax-
ation measurements in the semidilute polyelectrolyte
solutions are expected to give us information on the poly-
ion mobility in the direction perpendicular to the long
axis.

C. LF Dielectric Relaxation in Linear Polyelec-
trolyte Solutions. The LF dielectric relaxation in linear
polyelectrolyte solutions is ascribed to the movement of
the tightly bound counterions along the long axis of a poly-
ion. Recentexperimental results’ indicate that there exists
africtional force between the polyion and the tightly bound
counterions, which arises from an undulating Coulombic
potential along the long axis produced by the dissociated
groups on the polyion. The frictional force of this type
requires that the present model be modified for a quan-
titative discussion. This problem will be treated in a
forthcoming paper.

Summary

The effect of polyion mobility on o* in polyelectrolyte
solutions has been theoretically treated by using the
conductivity formalism in the present paper. The qual-
itative consideration leads us to a close relation among
the relaxations in U*, o*, and ¢*, since they commonly
arise from the competition between the frictional and Cou-
lombic attractive forces, which have different frequency
dependences. This conclusion is confirmed by quantitative
calculations based on the cell model, which show that o*
is proportional to U* in the polyelectrolyte solution without
added salts. Furthermore, the present treatment gives us
the relation between ¢* and x* different from a conven-
tional one. The present theory shows the significance of
polyion mobility in the dielectric relaxation, particularly
in the polyelectrolyte solution without added salts.

Appendix A: Spring Model

Let each of Ng bound counterions with the charge g and
the friction constant { be bound to a polyion with charge
-Q and friction constant {p by an effective spring with
force constant k, as shown in Figure 5. Here, X = W*Eeivt
and X + x = (W* + w*)Ee™* are the displacements of the
polyion and the bound counterions, respectively, from the
origin of the coordinate and Ny is the number of free coun-
terions per polyion. The electroneutrality gives us the
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relation between the charges of the polyion and counter-
ions as @ = (Np + Ny)q. In this case, the equations of
motion for the polyion and the bound counterions are
expressed as

iwlpW* — RNgw* = -Q (A1)
twd(w* + W*) + kw* =q (A2)
These simultaneous equations are easily solved as

W* = -Ngq/liw($p + Np$)] - Nptlgtp + Q) /[R({p +
NgH*(1 + iwr)] (A3)

w* = (qfp + QO/[k(Sp + NgH(1 +iwr)]  (A4)
where 7 is the relaxation time defined by

7= k(¢ + Ng/ &) (A5)

On the other hand, the complex conductivity o* for the
present model is given by

o* = lwe,e, + iw[Ngg(w* + W*) - QW*1/V + Npg?/ (¢ V)

(A6)

where the last term of the right-hand side is the contri-
bution of the free counterions and V represents the solution
volume per polyion. Byusingeqs Al and A2,eq A6reduces
to

o* = jwe e~ Iw(Q + qlp/HWH/V
= jweey — (Q + qlp/ HUV (A7)

since iwW* is equal to the polyion mobility U*. By
substituting eq A3 into eq A7 and comparing it with eq
1.1, the dc conductivity ¢(0) and the dielectric increment
Ae, defined by the difference between the low- and high-
frequency limits of ¢*, are given by

0(0) = Ngq(qlp + QO)/[$(Sp + NgH)V]  (A8)

Ae = Ng(gfp + QD?/[ek($p + NgdPV]  (A9)

respectively. The electrical susceptibility x* due to the
distortion of the bound counterion distribution is defined
by

x* = Ngqx/(¢,V) (A10)
By substituting eq A4 into eq A10, we have

x* = Npq(gtp + Q) /[ek(&p + N1 + iwr) V]  (Al1)
which reduces to

x(0) = Npq(gsp + Q5)/ [k (Sp + Ng$)V]  (A12)

in the low-frequency limit. From eqs A9 and Al12, we
obtain the relation (5.5) between Ae and x(0) when the
second term in the parenthesis of (5.5) is neglected.
Furthermore, combining eq A12 with eq A5 gives us the
relation (5.11) between 7 and x(0).

If the polyion is regarded as immobile (i.e., {p > Qf/q
> Ng$), 771 in eq A5 is rewritten as r! = k{1, and Ae in
eq A9 and x(0) ineq A12 commonly reduce to Npqg?/(eck V).
These expressions for 7 and Ae¢ (or x(0)) agree with those
obtained from a simple spring model in which one end
with the charge g and the friction constant { is connected
to the other fixed end by a spring with the force constant
k. Then, eqs A5, A9, and A12 involve the effect of the
polyion mobility on 7, A¢, and x(0); that is, the movement
of the polyion reduces 7, increases A¢ and x(0), and
produces the difference between Ae and x(0).
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Appendix B: Electrophoretic Effect on U*

In this appendix, we consider in a qualitative manner
the electrophoretic effect on U*, particularly tosee whether
U(=) remains larger than U(0) even if the effect is taken
intoaccount. Itiswidely known that the polyion mobility
(electrophoretic mobility) U* is determined by the balance
between the Coulombic and frictional forces acting on the
polyion.1¥ The Coulombic one is a sum of the external
electric force Fep and the force Fp, due to the distortion
of the electric potential. The force Fp, which is a reaction
of the Coulombic attractive force F,, exerted on the small
ions, acts on the polyion in the opposite direction to Fop
and hence reduces U* as shown in Figure 1la. Thus, we
call F, the Coulombic retardation.

The frictional force, on the other hand, results from the
Stokes friction on the polyion and the electrophoretic effect
due to the frictional force Fp, exerted on the small ions.
The electrophoretic effect means that the force F, acting
on the solvent, which is a reaction of Fp, modifies the
solvent flow and results in altering the frictional force on
the polyion. This deformation of the solvent flow is
expressed by the linearized Navier-Stokes equation

nV?u,Ee™ - grad P=- Y _FF, (B1)
J

where the right-hand side represents the external force
acting on the solvent, which cancels out the frictional force
Fp, exerted on the small ions. In eq B1, 5 is the viscosity
coefficient of the solvent, P is the pressure in the solvent,
and the inertial and time-derivative terms are neglected.
Since the left-hand side of eq 3.8 represents Fp, the
substitution of eq 3.8 into eq Bl yields

nv?u,Ee - grad P =
2 _zaFj grad xEe* - 3 "Fjo grad y; (B2)
J J

Although the right-hand side in eq B2 includes the
contribution of all the small ions, the small ions near the
polyion, that is, the bound counterions, should contribute
mainly to the electrophoretic effect. Then, we will take
into account F, arising from the bound counterions alone
in the following qualitative consideration.

The first term of the right-hand side in eq B2 represents
the force F,, acting on the solvent, which is equal to the
external electric force Fy;, exerted on the bound counte-
rions. Thus, the force F, is in the opposite direction to
the polyion movement, that is, in the same direction as
the solvent flow, and hence increases the drag exerted on
the polyion. As aconsequence, the first term of the right-
hand side in eq B2 reduces U*, which is thus called the
electrophoretic retardation.!® Since eq B2 indicates that
F,isindependent of the frequency  apart from the factor
eiwt the electrophoretic retardation is independent of w
and has no influence on the frequency dependence of U*.

The second term of the right-hand side in eq B2 arises
from the distortions of the small ion distribution and the
electric potential and represents the Coulombic attractive
force F, acting on the bound counterions from the poly-
ion. As mentioned in section 2, F, is the largest in the
low-frequency limit, decreases with increasing w, and
vanishes in the high-frequency limit. Since F, acts on
the solvent in the opposite direction to Fep as shown in
Figure la, F,y, decreases the electrophoretic retardation
due to Fep,, which we call the electrophoretic acceleration.
On the other hand, the force F,, exerted on the polyion,
a reaction of Fg,, produces the Coulombic retardation,
which reduces U* as mentioned above. The Coulombic
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Figure 6. Plot of the reduced electrophoretic moblhty Mp =
61rnq U(©0) / (eoesk T) against K = xa from Figure 4 in ref 13 where
n is the viscosity coefficient, <! the Debye length, and a the
polyion radius. The parameter values used are the reduced
surface potential g®y/kT = 5 on the spherical particle, z; = -z,
=1,6=¢§=2366X10%Jsm2

retardation arising from F;, affects U* directly, while the
electrophoretic accerelation due to F, exerts only indirect
influence on U* through the solvent as medium. Then,
the net effect due to the Coulombic attractive force between
the polyion and the bound counterions reduces U*. Since
the Coulombic attractive force vanishes in the high-
frequency limit, the polyion mobility U(«) in the high-
frequency limit should be larger than U(0) in the low-
frequency limit, even if the electrophoretic effect is taken
into account.

This qualitative conclusion is supported by the quan-
titative calculation in the case of the spherical polyion.
Wiersema et al.!? calculated the electrophoretic mobility
U(0) of a spherical charged particle in the limit of excessive
salts. They obtained curve a in Figure 6 as a first
approximation by omitting the distortion y; given as eq
3.9in the fundamental equations (3.1)—(3.3) and (B2) and
then calculated curve b by taking into account the
distortion through successive approximations. Asaresult,
curves a and b can be regarded as U(«) and U(0),
respectively, in our treatment. Figure 6 shows that U(=)
is larger than U(0) for any ionic strength, which supports
the qualitative conclusion on the frequency dependence
of U* in this appendix and section 2.

Appendix C: Derivation of Equation 4.10

The volume integral of the right-hand side in the Pois-
son equation (3.3) multiplied by d%/dx over the cell is
given by

[k ) = (9 _1co 24y =
fav ®dV= fax grad, & dS 2_fax|grad 3P dV =
9P 1 2 3Q_
f  grad, 2dS -7 fsﬂ| grad &2 dS

f, lgrad 3 dS] (C1)

The first term of the right-hand side in eq C1 vanishes
from the boundary conditions (3.10) and (3.11) as
dS 0

f% grad, ®dS = fs"( ) as- |, -=( (C2)

Furthermore, the boundary condition (3.12) indicates that
the terms in the bracket of eq C1 become equal to eq C2
and hence alsoreduce tozero. Asa consequence, we obtain
the relation!

a—éi 2 =
faxv ®dV=0 (C3)
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By substituting eq 3.3 into eq C3, we obtain

a® 0%
2 Fdveqf—Fdv=0 (o
J

or
Z fa(% + ¢pEe*")
2, | ——F,dV+
- jq ox J
J.a(<1>0 + ¢Ee™)
——FpdV =0 (C5)
q ox P

where the first and second terms on the left-hand side of
eq C5 represent the Coulombic attractive forces in the
x-direction, which are exerted on the small ions and the
polyion, respectively. Thus, eq C5 indicates the law of
action and reaction in the Coulombic attraction. Since
the Coulombic force exerted on the polyion including the
external force cancels out the frictional force on the poly-

ion, eq C4 results in the form

(L] ,
z —F;dV - {LU*Ee™ =0 (C6)
Z jq f a x J {P
If the both sides of eq 3.2 are multiplied by F;, we obtain

an F = kT——;(u), u ) FEe  (CT)

By integrating the both sides of eq C7 over the cell, we
have

;zjq ngj dv = —;g}f(uj,

since the first term of the right-hand side vanishes owing
to the boundary condition (3.13). Equation C8 indicates
that the total of the Coulombic force exerted on the small
ions cancels out the total of the frictional force on the
small ions over the cell since the total of the diffusional
force vanishes from the boundary condition (3.13). The
substitution of eq C8 into eq C6 yields the relation

36 w-u F v+ U =0 (CO)
Jj

~u)FEe* dV  (C8)

which can be regarded as a law of action and reaction in
the frictional forces through the solvent as medium.

Appendix D: j» and (iw)"! Expansions of o*

Inthe low-frequency limit, the complex conductivity o*
is expanded in a power series with respect to iw as

o* =) (e, (D1)
k=0
By combining eq D1 with eq 1.1, we get
ay = a(0) (D2)

Inadielectric relaxation with the multiple relaxation time
7, on the other hand, the complex dielectric constant is
expressed by using the retardation spectrum L(7) as

= =)+ [ L(’) (D3)

By substituting eq D3 expanded in a power series of iw
into eq 1.1 and comparing it with eq D1, we have

a, = €€(0) = eg[Ae + ()] (D4)
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a, = DAYy (k2 2) (D5)

where ¢(0) is the low-frequency limit of ¢*, Ae represents
the dielectric increment defined by

Ac= [Lndnr (D6)

and ((...)) indicates the average with respect to L(r) as

(H=fTIL@dn L dnr D)

In the high-frequency limit, o* is similarly expanded in
a power series of (iw)™! as

o* = ()b, (D8)
k=1
By substituting eq D3 expanded in a power series of (iw)~!
into eq 1.1 and comparing it with eq D8, we obtain

b_; = ye(=) (D9)
by = o(®) = 0(0) + eer(T'l) (D10)
b, = (-1 ae(+*Y)  (R21) (D11)

where o() is the high-frequency limit of the real part of
o*. From eqs D4 and D9, Ac is expressed as

foAf = al - b-l (D12)

By combining eq D5 with eq D10, a reciprocal {77!} of the
averaged relaxation time is given by

(1) = Ac/(eyAe) = (by—ay)/(a; - b)) (D13)

where Ao represents the conductivity increment defined
by the difference between the low- and high-frequency
limits of the real part of o*. By the iw or (iw)™! expansion
of the distribution and the electric potential, the significant
parameters Ac and Ae in the dielectric relaxation can be
estimated easily compared with the frequency-depend-
ent o* or ¢*. Inthis case, we can also evaluate the average
relaxation time (771)-! from eq D13.

Appendix E: Spherical Polyion with a Different
Dielectric Constant from the Solvent

We suppose that a spherical polyion with the radius a
and the dielectric constant ¢p has the dissociated groups
on the outer surface. The electric potentials &, &, and
¢ for the outside of the polyion, which appear in sections
3 and 4 and Appendix C, are replaced with ®,y, ¢ out, and
dout, respectively, in this appendix. The electric potential
&, inside the polyion satisfies the following Poisson
equation

Vi, =0 (E1)

If a is much smaller than L, &;, induced by the external
electric field Ee™* is hardly affected by the cubic boundary
and hence can be written as

&y, = g + (b~ Dr cos § Ee™* (E2)
where &g, and ¢i, are constants and #is the angle between
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the radius vector r of the polyion and the x-axis. The
boundary condition of the electric potential on the surface
Sin (r = |r| = a) of the polyion sphere is given by
9%, _ 9%, 9%, _ 0%,
®or “or’ 90 o8
where ¢, is the dielectric constant of the solvent.
In the present case, eq 4.5 is rewritten as

ot = szq f Fiou;, dV/V +iwele, + xp*)  (E4)
J

(E3)

where the susceptibility xp* is obtained from the boundary
condition (E3) as

xp* = (47a®/3)(e, - ep) (9 - 1)/ V (E5)
As mentioned in Appendix C, the surface integrals on
the cubic cell derived from the volume integral [ (d%out/
9x) V2@ 4,1 d Vot become zero from the boundary conditions
(3.10)-(8.13), (E3), and (E2), where d Vy represents the
volume element of the region outside the sphere. Thus,
eqs C4—C6 are valid for this model if # and d V are replaced
with &4, and dVyy, respectively. The relation (C8), on
the other hand, is rewritten for this model as

TS

aéout
ox F j dvout =

[5* B Zg‘lf(ujx - uax)Fj dVout]Eew‘ (EG)
J

where 6* is defined by 6* = kT [Fjf; cos § dSin and
represents the distortion of the small ion distribution on
the sphere surface. By using eq E6, eq C9 is modified as

Y6 - uF AV + U -5 =0 (B)
J

Assuming that the electrophoretic effect is negligible in
the polyelectrolyte solution without added salts, ¢* is
derived from eqs E4 and E7 as

o* = lwegle, + xp*) +
(2a/SVIIE f Foityg AV, - oU* - 8¥] (E8)
by using similar calculations to those in section 4.
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